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ABSTRACT
It has recently been noted by Park & Gott (1997) that there is a statistically sig-
nicant negative correlation between gravitational lens image separations and source
redshifts. This negative correlation is puzzling since is cannot be explained with any
realistic models both in flat and open cosmologies, while ususal lens statistics, such as
number density and distribution of image separation, are in agreement with such mod-
els. Using an improved sample of candidate gravitational lenses, we show that there is
no such a negative correlation in present lens data and that the data are in agreement
with general flat and open cosmologies. However, given the strong dependence of the
observed result on the selection eects in lens samples, we suggest that results from a
well dened lens search program are necessary to more accurately test the curvature of
the universe using this relation.
Subject headings: cosmology: miscellaneous | gravitational lensing | quasars: general
1. Introduction
The statistics of gravitational lensing provide a powerful tool for determining the geometry of
the universe. With the steady increase in the number of gravitational lenses, improving upper limits
on the cosmological constant have been placed by noting that a universe with a large cosmological
constant should produce more multiple image systems than the number actually observed: Ω .
0:95 (Fukugita et al. 1992), Ω . 0:7 (Maoz & Rix 1993), and Ω . 0:66 (Kochanek 1996). Also,
Chiba & Yoshi (1997) recently suggested that the results from the HST Snapshot Lens Survey (Maoz
et al. 1993) of bright quasars are in agreement with a low-density flat universe with Ω0  0:2 and
Ω0 + Ω = 1.
Turner, Ostriker & Gott (1984) rst noted that in a flat, k = 0, cosmology the gravitational
lens image separation () is not correlated with the background source redshift (zs), while there is
a negative correlation in an open universe (see Fig. 7 in Turner, Ostriker & Gott 1984). Therefore,
the image separation  versus lens redshift zs relation can be used to constrain the curvature
of the universe, and this is simply a pure curvature test that can be used to distinguish between
flat, open and closed cosmologies (Park & Gott 1997). In a flat universe, when lensing galaxies
1Department of Astronomy and Astrophysics, University of Chicago, Chicago IL 60637.
{ 2 {
and clusters are approximated by singular isothermal spheres (SIS), this test is independent of
individual values of Ω0 and Ω. Also, the image separation vs. redshift relation is more sensitive
to the curvature of the universe than other statistical tests involving number density and image
separations.
Recently, Park & Gott (1997) showed that the observed gravitational lens image separation vs.
redshift relation for 20 lens systems tabulated in Keeton & Kochanek (1996) is incompatible with
both flat and open cosmologies. Park & Gott (1997) considered several dierent possibilities such as
galaxy merger, cosmological infall and mass accretion models in a flat universe, but found none of
the models to agree with the observed correlation ruling out a flat universe at 99% condence level
and the most extreme empty universe at 97% condence. This result is puzzling since general lens
statistics, such as number of lenses vs. separation, are in agreement with flat universe models with
a cosmological constant (e.g., Chiba & Yoshi 1997). William (1997) explained this large negative
correlation by considering lensing galaxies with logarithmic surface mass density proles. Given
the importance of the observed negative correlation, we study the image separation vs. source
redshift test again to see if the data are in fact in disagreement with general cosmological models.
In section 2, we use an updated list of conrmed and candidate gravitational lensing systems and a
second list of doubly imaged quasars to test the image separation vs. source redshift relation. The
binary quasars are now considered as physically separated quasars pairs rather than two images
of a background source (Kochanek, Falco & Munoz 1997). As in Park & Gott (1997), we use the
Spearman’s rank correlation test to show in Section 3 that no such negative correlation exist in the
present gravitational lens data. Reasons for negative correlation and the necessity of a well dened
gravitational lens sample for sensitive tests such as the one under study are nally discussed.
2. Curvature Test and Gravitational Lens Data








where v is the velocity dispersion, Dl is the distance to the foreground lensing galaxy (at a redshift
zl), Ds the distance to the background lensed object (at a redshift zs) and Dls is the distance
between the lens and the source. In general, singular isothermal models do not exactly reproduce
the full geometry of known gravitational lenses, but is a good approximation when image separations
are the only concerned quantity and provide reasonable results for statistical studies.




















where S() =  for a flat universe, sin for a closed universe, and sinh for an open universe, and 
is the impact parameter given by 4(v=c)2. Solutions to the above equation are presented in Turner,
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Ostriker & Gott (1984) and Gott, Park & Lee (1989) for various dierent cosmologies. A numerical
method for calculating cosmological distances based on inhomogeneous Friedmann-Lemaitre models
is discussed in Kayser, Helbig & Schramm (1997). In particular, for a flat cosmology, the expected
value of image separations <  > is equal to , while for an open and empty (Ω0 = Ω = 0)
cosmology, the expected value is:




(zs + 2) [f(zs + 1)4 + 4(zs + 1)2 + 1g log zs + 1− 3f(zs + 1)4 − 1g=2]
: (3)
Thus, for the extreme case of an open universe, we expect roughly a 25% decline in image separations
between source redshifts of 1 and 5.
Park & Gott (1997) considered a 20 member lens sample from the gravitational lens data in
Keeton & Kochanek (1996). The sample in Keeton & Kochanek (1996) includes  40 quasar pairs
or multiples with image separations less than 1000. Recently, Kochanek, Falco & Munoz (1997)
showed evidence that a large number of wide separation (300 <  < 1000) doubly imaged quasars
are physically separated binary systems rather than instances of gravitational lensing. Among the
strong objections to such pairs as two lensed images include the absence of a foreground galaxy
or galaxy cluster than can produce the observed lensing geometry. In the list of binary quasars
presented in Kochanek, Falco & Munoz (1997), we found that ve low redshift large separation
systems also appear in the list used by Park & Gott (1997) as gravitational lenses. These sources
include QJ0240-343 (Tinney 1995), 1120+019 (Meylan & Djorgovski 1989), 1634+267 (Djorgovski
& Spinrad 1984), 1429-008 (Hewett et al. 1989) and 2345+007 (Weedman et al. 1982). Given
the increasing evidence against these systems as cases of gravitational lensing, we did not include
them in our sample of probable gravitational lenses. Currently, there are 27 candidate or conrmed
lenses with known source redshifts2. In order to investigate the negative correlation in Park &
Gott (1997), we also considered another sample of 14 binary quasars derived from the Table 1 of
Kochanek, Falco & Munoz (1997).
In Fig. 1, we show the observed source redshift vs. largest separation images of the two
samples. A large number of binary quasars are found at redshifts less than 2 with separations
greater than 200. As shown in Fig. 1, there is a clear distinction between the binary quasar sample
and the lens sample. For the lens sample, we nd a mean separation of 1:007, while the binary
quasars have a mean separation of 5:006.
The two lines shown are for the flat model (dashed) and an extreme open universe with
Ω0 = Ω = 0, where the flat universe model was set at the average based on our lens sample.
In Fig. 2, we show the observed redshift of lensing galaxies in our lens sample. This distribution
suggests no strong correlation between the lens redshift and image separation. The two outlier
cases are 0957+561 with an image separation of 6:001 (Walsh et al. 1979) and 2016+112 with a
separation of 3:006 (Lawrence et al. 1984). The lensed nature of 0957+571 has been extensively
2See current summary of lens data at http://cfa-www.harvard.edu/glensdata
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studied given the time delay measurements (e.g., Kundic et al. 1997), and is best described by a
foreground lensing system consisting of a galaxy and a cluster (e.g., Fischer et al. 1997). Recently,
a galaxy cluster has been detected towards 2016+112 by Hattori et al. (1997) which can contribute
to the observed lens geometry. Given the cluster contribution in addition to a single lensing galaxy,
such cases are signicantly dierent from our assumed model of singular isothermal spheres.
3. Results & Discussion
As in Park & Gott (1997) we used the Spearman’s rank correlation test, to test the strength of
the correlation between the ranks in the image separations and the corresponding ranks in source
redshifts, and to generate a relative probability for various cosmological cases using the Students’
t-distribution. The two-sided probability for our gravitational lens sample in a flat universe is quite
signicant and greater than what is observed in Park & Gott (1997) where they found a very low
probability of 0.012 for their lens sample. We do not rule out a flat universe at a condence greater
than 85%. The large increase in probability between the two samples is due to the exclusion of
large number of low redshift wide separation double quasars from our lens sample, and the inclusion
of large number of multiple image lenses that were not considered in the Park & Gott (1997) lens
sample. The increase in probability is also similar to the observed increase by Park & Gott (1997)
when three or more largest separation low redshift systems were excluded from the sample they
studied. Both empty (Ω0 = 0 & Ω = 0) and open (Ω0 = 0:4 & Ω = 0) cases showed probabilities
with values slightly higher than the flat model case. We do not rule out the most extreme open
model with a condence greater than 95%, while other open models are between this and the flat
universe result. Due to this small dierence in the condences for dierent cosmological models,
we prefer to state that the present lens data consisting of image separations and source redshifts
do not favor one cosmological model over another. In general, our results suggest that there is no
negative correlation between the image separations and redshift, which is clearly seen in Fig. 1,
that cannot be explained with realistic world models. Our results are contrary to that of Park &
Gott (1997), where they always found low probabilities even considering dierent scenarios in the
flat universe with models that were inherently expected to increase the probability. In order to
test if there is any deviation from what is expected in a flat cosmology, we also divided the sample
into three redshift bins: 0 & 2, 2 & 3, and 3 & 1. Using the Kolmogorov-Smirnov test, as in
Park & Gott (1997), we found that there is no signicant dierence between the three dierent
bins. Park & Gott (1997) found the two bins 0 & 2 and 3 & 1 to be statistically dierent with
95% condence. We nd no evidence for any dierence between these two bins. Our sample is
statistically in agreement with a flat universe at a level greater than 85% condence.
In order to test the reasons behind high negative correlation observed in Park & Gott (1997),
we included our binary quasar sample with gravitational lens sample. The two-sided probability in
a flat universe in the combined sample is signicantly low (0.01), which is in agreement with the
Park & Gott (1997) results. We also obtained results similar to Park & Gott (1997) when dierent
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cosmological models are considered. Therefore, we are more inclined to conclude that the primary
reason for observed signicant negative correlation in Park & Gott (1997) is the use of a biased
sample, which has a signicant number of large separation low redshift binary quasars, rather than
some unknown physical reason.
If for some reason any of the binary quasars are indeed gravitational lenses, the condence
established earlier regarding the flat cosmological model needs to be reevaluated. Including three
additional binary quasars between redshifts of 0 and 2 and with image separations between 200 and
500 did not introduce any appreciable dierence. In addition to above three quasars, if another
binary quasar with image separation greater than 600 was included as a lens at a redshift less
than 2, then the two bins (0 & 2 and 3 & 1) are statistically dierent at 80% condence and
this dierence increases rapidly with the addition of other binary quasars as lenses. If all binary
quasars were included within the lens sample, the the two extreme bins are statistically dierent at
99% condence, arguing against both a flat and an open cosmological model as found by Park &
Gott (1997). However, given the growing evidence against lensing hypothesis for the binary quasar
sample, we nd that our data is more compatible with general lensing statistics which suggest a
flat cosmology.
The strong dependence of the result on the sample used seems to indicate that sensitive statis-
tical tests such as the one used here and in Park & Gott (1997) should use well dened samples of
gravitational lensing. This requires a good understanding of selection eects that go in to produc-
ing gravitational lens compilations. Currently, there are several ongoing lens search programs both
in radio using VLA and MERLIN and in optical, such as MIT-Green Bank, CLASS and CASTLe
surveys. Final results from such surveys should be understood in terms of the selection criteria
that individual search program used to produce its own list of gravitational lenses. It is also noted
here that more observational work is needed to identify the doubly imaged quasars as gravitational
lenses or binary quasars. Given the possibility that inclusion of such binary quasars as lenses can
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Fig. 1.| Maximum image separation  versus source redshift zs of known candidate and con-
rmed gravitational lenses and possibly physically separated binary quasars.
Fig. 2.| Maximum image separation  versus lensing galaxy redshift zl of gravitational lenses
from our lens sample. The two outlier cases, 0957+561 and 2016+116, are thought to be lensed by
clusters in addition to a single galaxy at the same redshift. There is no strong correleation between






0 1 2 3 4 5
Probable Lenses
Probable Binary Quasars



























0 0.2 0.4 0.6 0.8 1 1.2
Gravitational Lens Sample
Lens Redshift
La
rg
es
t I
m
a
ge
 S
e
pa
ra
tio
n
 (A
rc
se
c)
